Recently, Dressel et al determined the vertical deflection of a light ray in a medium, with strong frequency-dependent dispersion, at rest in a uniform gravitational field. We take up this question within the general relativistic theory of the propagation of light in a dispersive medium, due to Synge.
In a recent paper [1] , Dressel et al determined the vertical deflection ∆z of a light ray in a medium, with strong frequency-dependent dispersion, at rest in a uniform gravitational field. Following their method, they found
where g is the acceleration due to the Earth gravity, L the covered distance and v p and v g are respectively the phase velocity and the group velocity of this dispersive medium. We take up this question in a more general approach. We consider the general relativistic theory of the propagation of light in a dispersive medium, proposed by Synge [2] a long time ago. We first summarize briefly this theory in a curved space-time. Then, we carry out the exact calculations in the case of the Rindler space-time representing a uniform gravitational field. For a weak acceleration of gravity, we find again formula (1). In our knowledge, this approach of the problem has not been already performed.
We consider a space-time which is described by a metric g µν in a coordinate system (x µ ). We adopt the signature (− + ++) for the metric. We use units in which c = 1. The dispersive medium is described by its 4-velocity V µ , satisfying g µν V µ V ν = −1. We now consider the propagation of a wave in a dispersive medium. It is defined by the equation S(x µ ) = constant where S is a function. The vector of propagation k µ is defined by
The frequency ω of the wave, relative to V µ , has the expression
The phase velocity v p , relative to V µ , is given by
In classical theory of optics, a dispersive medium is characterized by the refractive index n which is the reciprocal of the phase velocity, i.e.
and consequently the relation of dispersion takes the form
The refractive index n is a given function n(x µ , ω) which characterizes the dispersive medium.
The equations of the light rays are derived from the Hamiltonian function
where ω = ω(x λ , k σ ) given by (3). The characteristic curves of H(x µ , k ν ) = 0 are the light rays. From the usual canonical equations, we find thus the following system of differential equations for a parameter λ:
and we have to add constraint (6).
The curves x µ (λ) define the congruence of world-lines of light rays, i.e. the trajectories of the pulses of light. So, the vector dx µ /dλ must be timelike or null. The group velocity v g , relative to V µ , is given by
According to (8), we easily see that
We assume that the solutions to differential equations (8) and (9) yield v g ≤ 1.
We add the following property in the case where there exists a vector ξ µ which is a Killing vector for the metric and also for the dispersive medium, i.e.
where L ξ is the Lie derivative with respect to ξ µ . From equations (8) and (9), we can straightforwardly deduce the following differential equation along the light rays:
and hence we get that ξ µ k µ is a constant of motion. We are now in a position to consider the case of the Rindler space-time described by the metric
well defined for gz > −1. When |gz| ≪ 1, metric (15) represents a Newtonian potential U = −gz in Galilean coordinates where g is the acceleration of the gravity. We assume that the dispersive medium is at rest in these coordinates and moreover that the refractive index n does not depend on the position, n = n(ω). The 4-velocity V µ has the following components:
In metric (15) with 4-velocity (16), there are three Killing vectors ∂/∂x 0 , ∂/∂x and ∂/∂y. We consider a light ray in the plane x = 0, horizontally emitted at the point y = 0 and z = 0. The constants of motion (14) are denoted
where ω 0 and k are constants. According to (3), we notice that
We see from (18) that ω 0 is the frequency of the wave, relative to V µ , at z = 0. We write down equation (8) in this particular case
We now give the relation of dispersion (6) with expressions (17) and (18)
At the point y = 0 and z = 0, we have k z = 0 since the light is horizontally emitted. Consequently, we get from relation (20) at z = 0 the value of the constant k
Finally, we obtain the desired expression of k z
Taking into account (19), we find from (22) the exact differential equation
giving the vertical deflection of the light ray when the refractive index n(ω) of the dispersive medium is known.
We are now ready to determine the vertical deflection in the limit where |gz| ≪ 1. We expand expression (23) linearly in gz dz dy 
Making use of (4) and (12) expressed at z = 0, we rewrite (24) under the form dz dy
with z < 0 of course. Differential equation (25) leads obviously to formula (1) of Dressel et al [1] . We have obtained a general result. We have not made the slow light approximation that the refreactive index is linear in the frequency.
